We present the quasinormal frequencies of the massive scalar field in the background of a Schwarzchild black hole surrounded by quintessence with the third-order WKB method. The mass of the scalar field plays an important role in studying the quasinormal frequencies, the real part of the frequencies increases linearly as mass of the field increases, while the imaginary part in absolute value decreases linearly which leads to damping more slowly than the massless scalar field. The frequencies have a limited value, so it is easier to detect the quasinormal modes. Moreover, owing to the presence of the quintessence, the massive scalar field damps more slowly.
Introduction
The quasinormal modes of black holes have drawn much attention in recent years. Vishveshwara first put forward the concept of quasinormal modes in calculations of the scattering of gravitational radiation by a Schwarzschild black-hole [1] and Press proposed the term quasinormal frequencies [2] . The quasinormal frequencies are an important characteristic of a black hole, because the frequencies only depend on the black hole parameters rather than the initial perturbation. In addition, the properties * E-mail: machunrui0312@163.com of quasinormal modes have been explored in the Ads/CFT correspondence [3] [4] [5] and loop quantum gravity [6, 7] . On the other hand, a large number of astronomical observations, such as type Ia supernovae [8, 9] , CMB [10, 11] and large scale structure [12] , indicate that the expansion of the universe is speeding up rather than slowing down. To explain this accelerated expansion, the universe is regarded as being dominated by an exotic component with large negative pressure called "dark energy" which constitutes about 70% of the energy density of the universe. There are several candidates for dark energy: the cosmological constant [13] and dynamic candidates (for example phantom [14, 15] , quintessence [16, 17] , k-essence [18] and quintom [19] ). The difference of these candidates for dark energy is the size of the parameter ω , namely, the ratio of the pressure and energy density of the dark energy and for quintessence −1 < ω < − 1 3 . The quasinormal modes of different field perturbations around different black holes have been widely investigated [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] , especially the case of the massless scalar field [36] . However, massive field attracts more [37] [38] [39] [40] , because the behavior of the massive scalar field in a black hole background is quite different from that of the massless one in many aspects:
1. it presents the so-called super-radiant instability [41] , which does not appear in the massless field;
2. it may have infinitely long-living modes called quasi-resonances [42] ;
3. it also has a universal behavior not dependent on the spin of the field at asymptotically late times [43] ;
4. it can be interpreted as a self-interacting scalar field under the regime of small perturbations [44] . Moreover, the massive term can be used to explain the correction to the minimal coupling or may be equal to the massless scalar field which interacts with a black hole surrounded by a magnetic field.
Kiselev [45] recently considered Einstein's field equations for a black hole surrounded by quintessence and obtained a new solution related to a state parameter ω of the quintessence. However, the massive scalar field quasinormal of a Schwarzschild black hole with quintessence have not been studied so far. In this paper, we use the thirdorder WKB method to explore the quasinormal modes of massive scalar field perturbation around a Schwarzschild black hole surrounded by quintessence. The outline of this paper is as follows: in Section 2, we evaluate the quasinormal frequencies of the low overtones quasinormal modes. The discussion and summary are presented in Section 3.
Massive scalar field quasinormal modes of a Schwarzschild black hole surrounded by Quintessence
Kiselev [45] presented a new static sphericallysymmetric exact solution of Einstein equations describing a black hole charged or neutral and surrounded by the quintessence under the condition of additivity and linearity in the energy-momentum tensor. For the Schwarzschild black hole, the metric is given by [46] :
where M is the mass of the black hole, ω is the quintessential state parameter, is the normalization factor dependent on ρ = − 2 3ω 3(1+ω ) , and ρ is the density of quintessence. The massive scalar field in a curved background is governed by the Klein-Gordon equation:
where Φ is the scalar field. After substituting Eq. (1) into Eq. (2) and separating angular and time variables, we obtain the radial equation:
where:
The coordinate * is a "tortoise coordinate" which ranges from −∞ at the inner horizon to +∞ at the outer horizon. For at the range of −1 < < − 1 3 , the spacetime is not asymptotically flat by looking into the metric of (1), which is similar to the /A spacetime [47, 48] , and hence the boundary condition should be modified. An appropriate boundary condition corresponds to incoming waves at the inner horizon and outgoing waves at the outer horizon.The boundary condition can be written as
The effective potential V ( ) is given by
· ( + 1)
The effective potential V ( ) decays to zero exponentially in the * coordinate at both horizons. It is clear that the effective potential relates to the value of , angular harmonic index , the state parameter ω , the scalar field mass , the normalization factor and the mass of the black hole M. However, in this paper, we intend to only investigate the influence of the scalar field mass and quintessence to the quasinormal modes. Therefore, taking M = 1 and = 0 001, we compute the quasinormal frequencies stipulated by the above potential using the third-order WKB method developed by Schutz, Will and Iyer [49] [50] [51] .
The quasinormal frequencies are shown in Table 1 , Table  2 , Table 3 and Figs. 1, 2 . The data of Table 1 is the quasinormal frequencies of a Schwarzschild black hole without quintessence and correspondingly under the quintessence is given in Table 2 . Fig. 1 shows that the real part and the imaginary part of the quasinormal frequencies change as the quintessential state parameter ω changes for fixed mass . Comparing Table 1 with Table 2 , we find the real part and the magnitude of the imaginary part in the Schwarzschild space-time without quintessence are larger. It means that due to the presence of quintessence, the oscillations damp more slowly. Furthermore, the imaginary part in absolute value and the real part decrease as the value of ω decreases, as shown in Fig. 1 and Table  2 . We present the quasinormal frequencies for different values of the mass of scalar field in Fig. 2 and Table 3 . Notice that, the real part of the quasinormal frequencies grows with increase of the mass of field , while the imaginary part of quasinormal frequencies in absolute value decreases. Moreover, the frequencies change linearly as changes as shown in Fig. 2. 
Discussion and summary
We have thoroughly investigated the quasinormal modes for massive scalar field perturbation in a Schwarzschild black hole surrounded by the quintessence background. The paper proposes that the quasinormal modes are greatly influenced by the quintessence and the mass of scalar field, because the introduction of the quintessence and the mass leads to less damping of the quasinormal modes. Actually may be too much smaller than 0.001 to neglect the influence of the quinntessence. However, if the density of quintessence surrounding the black hole is high enough to influence distinctly the quasinormal modes, we may study the character of quintessence by the experimental data. Another new phenomena found here is that for given , and ω , the real part of the frequencies linearly increase, while the magnitude of imaginary parts linearly decrease as the mass of the scalar field increases. As we know, the mass of the scalar field has a maximum value dependent on the mode under consideration [41] . That is, the quasinormal frequencies have a limited value, so it is easier to detect the quasinormal by experiment. Thereby, the introduction of the mass help us understand the quintessence and the Schwarzschild black hole. 
